Introduction
An imaginary quadratic discriminant is a negative integer ∆ which is 0 or 1 modulo 4. For a given imaginary quadratic disciminant ∆, let C(∆) be the set of SL 2 (Z)-equivalence classes of primitive positive definite integral binary quadratic forms of discriminant ∆. Then C(∆) is a finite set [1, Thm. 2.13] which, when endowed with Gauss's composition law, becomes a finite abelian group, the class group of discriminant ∆ [1, Thm. 3.9] .
Thus a form q of discriminant ∆ determines an element [q] ∈ C(∆). A quadratic form q is ambiguous if [q]
2 = 1. For a q = ⟨A, B, C⟩, the form q = ⟨A, −B, C⟩ represents the inverse of [q] in C(∆) [1, Thm. 3.9] . Note that q and q are SL 2 (Z)-equivalent: q(x, y) = q(x, −y), so q and q represent the same integers.
A
discriminant ∆ is idoneal if every q ∈ C(∆) is ambiguous; this holds iff C(∆) ∼ = (Z/2Z) r for some r ∈ N. A quadratic form is idoneal if its discriminant is idoneal. A discriminant ∆ is bi-idoneal if C(∆) ∼ = (Z/4Z) ⊕ (Z/2Z)
r for some r ∈ N. A quadratic form q is bi-idoneal if ∆ is bi-idoneal and q is not ambiguous.
A full congruence class of primes is the set of all primes p 2∆ with p ≡ n (mod N ) for fixed coprime positive integers n and N . We say q is regular if the set of primes p 2∆ represented by q is a union of full congruence classes.
Recall Fermat's Two Squares Theorem: an odd prime p is of the form x 2 + y 2 iff p ≡ 1 (mod 4). In our terminology then the form q(x, y) = x 2 + y 2 is regular. Indeed, much classical work on quadratic forms can be phrased as showing that certain specific binary quadratic forms represent full congruence classes of primes, or are regular. Among primitive, positive definite, integral binary quadratic forms, how many are regular? How many represent full congruence classes of primes? Remarkably, this problem has recently been solved (conditionally on GRH) but the answer does not appear explicitly in the literature. Here it is:
Theorem 1. Let q be a primitive, positive definite integral binary quadratic form. a) The following are equivalent: (i) q is regular. (ii) q represents a full congruence class of primes. (iii) q is either idoneal or bi-idoneal. b)
There are at least 425 and at most 432 imaginary quadratic discriminants which are either idoneal or bi-idoneal. These 425 known discriminants give rise to precisely 2779 SL 2 (Z)-equivalence classes of regular forms: see Table 1 .
c) The list of idoneal and bi-idoneal discriminants of part b) is complete among all imaginary quadratic discriminants ∆ with |∆| ≤ 80604484. Assuming the Riemann Hypothesis for Dedekind zeta functions of imaginary quadratic fields, there are precisely 425 imaginary discriminants which are idoneal or bi-idoneal.
For these 2779 regular forms, it is natural to ask for explicit congruence conditions, as in Fermat's Two Squares Theorem. The following result accomplishes this. We will prove Theorem 1: more precisely, we will deduce it from Gauss's genus theory together with results of Meyer, Weinberger, Louboutin, Kaplan-Williams and Voight. We do this mostly for completeness and perspective. Our main goal is quite different: we will give a new proof of Theorem 2 using none of Gauss's genus theory but instead using elementary ideas from the Geometry of Numbers. Our methods build on the classical proof of the Two Squares Theorem via Minkowski's Convex Body Theorem and its recent generalization to the 65 principal idoneal forms x 2 + Dy 2 of T. Hagedorn [6] , although it is simpler to use the sharp bounds on minima of binary quadratic forms which go back to Lagrange and Legendre.
We may compare the two methods as follows: let q be a binary form of discriminant ∆, and let p 2∆ be a prime. To analyze the question of whether q represents p, genus theory begins with the observation that ( ∆ p ) = 1 iff some q ′ ∈ C(∆) represents p and attempts to rule out the representation of p by all forms q ′ ̸ = q. Our method begins with a small multiple theorem: if ( ∆ p ) = 1, then q represents some multiple kp of p with k bounded in terms of ∆ and via a combination of elimination and reduction attempts to show that we may take k = 1. Our method is more computational -at present it is more a technique than a theory -and the reasons for its success in all 2779 cases are rather mysterious! However, one can use the technique in settings where the genus theory of binary forms does not apply: in [3] and [4] some of us use these ideas to establish universality of most (but not yet all) of the 112 positive definite quaternary universal forms of square discriminant. In [5] , the first author extends the method to a technique for proving representation theorems for certain quadratic forms in 2d variables over a normed Dedekind domain.
This work was done in the context of a VIGRE Research Group at the University of Georgia throughout the 2011-2012 academic year. The group was led by the first author, with participants the other three authors together with Christopher Drupieski (postdoc), Brian Bonsignore, Harrison Chapman, Lauren Huckaba, David Krumm, Allan Lacy Mora, Nham Ngo, Alex Rice, James Stankewicz, Lee Troupe, Nathan Walters (doctoral students) and Jun Zhang (masters student).
Proof of Theorem 1

Part a).
(i) =⇒ (ii): By [1, Thm. 9.12], q represents infinitely many prime numbers. Having established this, the implication is immediate.
(ii) =⇒ (iii): Suppose that there are coprime integers n and N such that for all primes p, if p 2∆ and p ≡ n (mod N ), then q represents p. By [9, Thm. 2], if q is ambiguous then ∆ is idoneal hence so is q; whereas if q is not ambiguous then ∆ is bi-idoneal and hence -since q is not ambiguous -so is q.
2 , and let r : C(∆) → G(∆) be the quotient map. The fibers of r are called genera; they are cosets of C(∆) 2 , the principal genus. Let c = #C(∆)/#G(∆). Thus ∆ is idoneal iff c = 1 and bi-idoneal iff c = 2. For q ∈ C(∆), we define g(q) to be the set of n ∈ (Z/∆Z) × which are represented by q. We will need the following tenets of genus theory:
• Let n be a positive integer which is relatively prime to 2∆. Then there is q ∈ C(∆)
In particular, let p 2∆ be an odd prime. Then if
both represent p, then r(q) = r(q ′ ). Suppose ∆ is idoneal, let q ∈ C(∆), and let p 2∆ be a prime. If q represents p
p and any such q ′ must lie in the same genus as q. But since ∆ is idoneal, c = 1, and q is the only form in r(q). Thus q represents p iff p ∈ g(q), so q is regular.
Suppose ∆ is bi-idoneal, let q ∈ C(∆) be a nonambiguous form, and let p 2∆ be a prime. As above, if q represents p then p ∈ g(q);
−1 }, and q and q represent the same primes. Thus q represents p iff p ∈ g(q), so q is regular. Remark 2.1: That (ii) =⇒ (iii) for fundamental discriminants was first proven by Kusaba [10] using class field theory. In [9] the general case is proved using Gauss's genus theory together with a theorem of Meyer [12] See [7] for a proof of Meyer's theorem and a second proof of (ii) =⇒ (iii), both using class field theory.
Part b).
That the total number of idoneal and bi-idoneal discriminants lies between 425 and 432 is [14, Thm. 8.2] . The known 425 discriminants give rise to 2779 idoneal and bi-idoneal forms: see the Appendix.
Part c).
This is [14, Prop. 5.1] and [14, Thm. 8.6] . The latter result builds on work of Weinberger [15] and Louboutin [11] .
A Small Multiple Theorem
In this section (only) we consider not necessarily positive definite forms. 
Proposition 4.
Let q = ⟨A, B, C⟩ be a form of discriminant ∆. Let p be an odd prime with (
If p A, by the quadratic formula in Z/pZ, there exists r ∈ Z with 
Proof. By Proposition 4, there is an index
are integers x and y, not both zero, such that |q( 
Remark 3.1: Taking q = ⟨1, 1, 1⟩ (resp. ⟨1, 1, −1⟩) shows that the bound in Theorem 5a) (resp. Theorem 5b) is sharp.
2779 Regular Forms
In this section we will use Theorem 5 to prove Theorem 2.
Henceforth "forms" are primitive, positive definite integral binary quadratic forms. 
As p ∆, we conclude ( Thus x is odd and
Sufficiency.
Our proof that (b) implies (a) in Theorem 2 is handled individually for each of the 2779 forms. For each form, we apply a three step process. First, we use Theorem 5 to demonstrate that our form represents a small multiple of a prime. In the second step, we eliminate certain multiples from consideration. In the final step, we reduce the remaining multiples to find a representation of p. Step 2 (Elimination): We will show that the cases k = 2 and k = 3 cannot occur.
• Suppose q(x, y) = 2p. Then x and y are both even, so q(x, y) = 2p ≡ 0 (mod 4), contradicting the fact that p is odd.
Note that we cannot hope to eliminate the possibility of k = 4: indeed, we want to show that there are x, y ∈ Z such that q(x, y) = p, and then necessarily q(2x, 2y) = 4p. (The same holds for any value of k which is a perfect square.)
Step 3 (Reduction): We must show that a representation of 4p by q implies a representation of p by q. In this case, this is easy: suppose q(x, y) = 4p. Then as above x and y are both even, so q(
In Lemmas 7 and 8, we collect a number of congruence restrictions that apply assuming a form q represents kp. In particular, for our 2779 forms, we use Lemma 7 in the elimination step and Lemma 8 in the reduction step.
Lemma 7 (Elimination
, since m | ∆ we would also have m | B, contradicting the primitivity of q. We may assume without loss of generality that m A.
, so by multiplying through by 4A,
Since m is prime, 2Ax+By
.
We may write ∆ = m∆ 0 and k = mk 0 with ∆ 0 , k 0 ∈ Z and m k 0 . Then
As in part d),
Subtracting gives
Since gcd(m, k 0 p) = 1, it follows that m y. Multiplying through by 4A, we get
. Step 1: By Theorem 5 there are x, y, k ∈ Z with q(x, y) = kp and 1
If k does not satisfy the conditions of Lemma 7, we have a contradiction. We similarly have a contradiction if k does not satisfy the conditions imposed on it by applying Lemma 7 to the equivalent forms q(y, x) = ⟨C, B, A⟩ and q(x + y, x + 2y) = ⟨A + B + C, 2A + 3B + 4C, A + 2B + 4C⟩. We eliminate these k from consideration.
Step 3 (Reduction): For each k ∈ {2, . . . , ⌊ √ |∆| 3 ⌋} that was not eliminated in Step 2, assume q(x, y) = kp. Using a computer, we implemented the following algorithm to verify that a reduction to a representation of p by q is possible in every case. First, we construct the finite set of matrices
by enumerating the representations of kA and kC by q.
Thus q(M (x, y)) = kq(x, y) iff 2abA + (ad + bc)B + 2cdC = kB. Computer calculations shows that in each case there exists some M ∈ M such that q(M (x, y)) = kq(x, y). Fixing such an M , we further check whether for each (x, y) ∈ Z 2 with q(x, y) ≡ 0 (mod k) that also satisfies the congruence restrictions imposed by Lemma 8, the pair (x 0 , y 0 ) = M (x, y) satisfies x 0 ≡ y 0 ≡ 0 (mod k). It suffices to check this condition modulo k∆, which leads to a finite search. In all cases this search successfully produces such an M ∈ M. We can then can set x 0 = kw and y 0 = kz, so q(M (x, y)) = q(kw, kz) = k 2 p and q(w, z) = p. Step 2: By Lemma 7c), k is a square modulo 5. As (
Step 3: Suppose q(x, y) = 4p. One might try to argue, as in Example 4.1, that both x and y are even. However, this need not be the case: e.g. q represents 7 and q(3, 1) = 4 · 7. Applying the algorithm described above we obtain
,
, then we could divide through by 4 to obtain an integer representation of p. Certainly we need only consider (x, y) ∈ Z 2 with q(x, y) ≡ 0 (mod 4). Further, since we're assuming ( By an exhaustive search modulo 220, we verify the only such (x, y) ∈ Z 2 yield x 0 ≡ y 0 ≡ 0 (mod 4). Setting x 0 = 4w and y 0 = 4z, we have q(x 0 , y 0 ) = 32w 2 + 16wz + 224z 2 = 16p. Dividing through by 16, we get q(w, z) = 2w 2 + wz + 7z 2 = p.
In Table 1 , we list the reduced representative for each of the 2779 SL 2 (Z) equivalence classes of regular forms. The discriminants were calculated by Voight in [14] . We redid this calculation, and in so doing found a minor error of tabulation which Voight confirmed. The forms were generated using the Sage software package [13] . 
